We consider the presence of odd powers of the speed of light c in the covariant nonrelativistic expansion of General Relativity (GR). The term of order c in the relativistic metric is a vector potential that contributes at leading order in this expansion and describes strong gravitational effects outside the (post-)Newtonian regime. The nonrelativistic theory of the leading order potentials contains the full non-linear dynamics of the stationary sector of GR.
Introduction
The covariant nonrelativistic approximation to GR as introduced by Dautcourt [1] has recently been revisited [2] [3] [4] [5] [6] [7] [8] [9] . The approximation amounts to an expansion of the relativistic metric in inverse powers of the speed of light c and for this reason we will refer to it as the large c expansion. Originally [1, 2] the aim was simply to provide a manifestly coordinate invariant version of the post-Newtonian expansion. But in [3] it was pointed out that the large c expansion naturally allows the inclusion of strong gravitational effects which are not captured 1 in the post-Newtonian setup. That the large c expansion extends the post-Newtonian expansion is no surprise, since the latter is not only a nonrelativistic, but also a weak field expansion [10] . This feature of effectively describing some strong gravitational effects suggests the large c expansion could have interesting phenomenological applications, although this remains largely unexplored. Still this approach has already led to some interesting theoretical progress, such as the formulation of a variational principle for Newtonian gravity [5] and a better understanding of the geometry underlying nonrelativistic gravity [3, 4] . Furthermore it has some conceptual value, in that it clearly separates relativistic effects from strong gravity effects [8] . The work on the large c expansion, which by construction provides a nonrelativistic gravity theory descendant from GR, is also of value to the recent explorations of more general theories of nonrelativistic gravity. In that context we can mention for example recent work on 3d nonrelativistic gravity [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , Lifshitz Holography [25] [26] [27] [28] , nonrelativistic string theory [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] and condensed matter and fluid mechanics applications [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . In parallel the symmetries underlying such theories have been further investigated [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] .
Previous work on the large c expansion has focused on an expansion of the metric in inverse powers of c 2 . This is a self-consistent assumption in the gravitational sector since gravitational potentials of even power in c can not source potentials of odd power in c. Under an additional weak field assumption, together with consideration of some physical constraints on energy-momentum and an appropriate coordinate choice, one can show that odd terms in the relativistic metric can appear only at subleading order [1, 10] . In case one does not make the weak field assumption the presence of terms with an odd power of c has to date remained unexplored and in this work we initiate its study. This is motivated by the observation that energy-momentum that sources the strong time dilation potential -the twistless torsion of [3] -will also source the leading order odd term in the metric when it is dynamic [4, 65] .
The main result of this paper is the set of equations presented in table 4 . These are the Einstein and conservation equations, at leading order in an expansion of inverse powers of c, with the only assumption made that the relativistic metric and the energy-momentum tensor are of the form g µν ∼ c 2 τ µ τ ν + O(c) , T µν ∼ c 6 τ µ τ ν + O(c 5 ). The physical fields at the leading order are a scalar potential Ψ, a vector potential Cμ and a spatial metric k µν , which in appropriate coordinates correspond to a relativistic metric
In case the fields (Ψ, Cμ, k µν ) are time independent the leading part of the metric above describes a generic stationary metric and indeed the leading order nonrelativistic equations in table 4 can be identified with the Einstein equations for stationary metrics. Absence of time derivatives in the leading order equations in table 4 implies that more generally at leading order in the large c expansion any solution to Einstein equations will be of the form of a stationary metric, but with integration constants replaced by an arbitrary function of time. This extra time dependence will lead to source terms in the subleading equations. This observation gives the large c expansion the interpretation of an expansion around the stationary sector of GR. This generalizes the observation of [7] that the large c 2 -expansion has the interpretation of an expansion around the static sector of GR. If one chooses the leading order stationary metric to be Minkowski space the large c expansion reduces to the standard post-Newtonian one. But more generally one can choose any stationary metric (with time-dependent integration constants) as the starting point for the expansion, extending it into the strong gravitational regime. We illustrate this explicitly using the example of the Kerr metric.
In our derivation of the leading order equations we make use of the Newton-Cartan formalism. We make a number of comments and observations that are new with respect to [1] [2] [3] [4] . One main novelty is that we leave the leading time-like component of the relativistic metric -denoted (−2) A -free, rather than choosing it to be −1 as was done previously. This clarifies the structure of the various potentials and equations appearing at arbitrary order, see table 2.
Additionaly there now appears an extra local scaling symmetry under which (−2) A = −1 is a particular choice of gauge. We point out that there is another appealing choice of gauge, namely one where the torsion of the Newton-Cartan structure vanishes.
In addition to this new scaling symmetry we also consider the Milne boost symmetry inherent to the Newton-Cartan formalism and in particular carefully analyze the diffeomorphism symmetry at various orders. This leads us to introduce a new set of variables and to reorganize the equations, see table 3, simplifying them greatly. This suggests that, especially if one would attempt to go to higher orders, the large c expansion can be formulated more efficiently in an alternative set of variables rather then those used in [1] [2] [3] [4] .
The paper is organized as follows. In section 2 we review some of the Newton-Cartan formalism we need, introduce a convenient dotted index notation and prepare GR towards a covariant nonrelativistic expansion. Section 3 concerns itself with this expansion: we define it precisely, discuss its symmetries and present the leading order equations upon the inclusion of odd terms, our main result. We then comment on various properties of these equations in section 4. We present an example, discuss various gauge choices and provide a variational principle. Appendices A and B contain some technicalities, while appendix C contains a three parameter generalization of the nonrelativistic algebra of [4, 5] , which we believe is new. We take the non-uniqueness of the nonrelativistic local translation algebra as an indication that the large c expansion is most naturally expressed in terms of metric variables transforming under expanded diffeomorphism symmetries rather than vielbein variables transforming under expanded Poincaré symmetries.
GR in Newton-Cartan split form
A diffeomorphism invariant formulation of the nonrelativistic approximation to GR -the large c expansion -is naturally formulated using the language of Newton-Cartan geometry [1] [2] [3] [4] . One feature of Newton-Cartan geometry is that it provides a local split of time versus space, something expected in a nonrelativistic theory.
Anticipating these facts we choose to 'prepare' GR towards this expansion by performing this split in space vs time already at the relativistic level. We do this by introducing an arbitrary Newton-Cartan structure (τ µ , h µν ) in addition to the relativistic metric g µν . Later, once we perform the expansion, this artificial Newton-Cartan structure will be given a natural interpretation by equating it to some of the leading order components of g µν . Our approach is similar in spirit to that of [4, 9] , but differs in that the Newton-Cartan structure we introduce will be chosen to be c independent.
In this section we first discuss how any tensorial quantity can be split along temporal and spatial directions using a Newton-Cartan structure and introduce a dotted index notation to represent this split in a convenient way. In the second part of the section we apply such a split to the main ingredients of GR: the metric, energy-momentum tensor and their equations of motion.
Newton-Cartan split: generalities
We will restrict the discussion in this paper to 1+3 dimensions -a generalization to arbitrary dimensions is straightforward -and work with coordinates x µ , µ = 0, 1, 2, 3.
We'll define a Newton-Cartan structure (τ µ , h µν ) as a positive semi-definite, symmetric 2-tensor h µν together with a zero eigencovector τ µ that is unique up to rescaling, i.e.
The one-form τ µ is often referred to as the clock form as it sets the direction of time, while h µν encodes a purely spatial metric [66, 67] . Given a Newton-Cartan structure one can introduce additional fields τ µ and h µν such that
Note that τ µ and h µν are not unique for a given Newton-Cartan structure. This non-uniqueness can be interpreted as a gauge invariance of the formalism, the Milne boosts that we will discuss below. The equations (2) can also be read as the definition of two complementary projectors:
Using these, any tensor index can be decomposed into a temporal and spatial part, something we will refer to as a 'Newton-Cartan split'. For an arbitrary one-form U µ for example, such decomposition reads
Since we will perform such a Newton-Cartan split on essentially any tensor we will encounter it will be useful to introduce some more compact notation. We'll write the temporal part of U µ as
and we will indicate the spatial projection by putting a dot on the projected index:
In this notation the decomposition (4) then simplifies to
Note that dotted indices contracted with τ vanish, while the spatial components can be lowered and raised by h
This notation can be safely extended to higher rank tensors as long as they are either fully symmetric or anti-symmetric. For example for a (1,2)-tensor that is symmetric in its upper indices we get
We will reserve the raising and lowering of dotted indices with h as in (8) only for tensors where there will be no ambiguity in the notation. For example, note that in the split of V µ νρ above we have Vμν = τ ρ h µ σ h ν λ V ρ σλ and Vμν = τ ρ h σ µ h ν λ V σ ρλ and thus Vμν = h µρ Vρν.
Finally it is important to point out that we will not work with the most general type of Newton-Cartan structure, but rather assume that the clock form satisfies ∂ [μ τν ] = 0. This condition can be expressed in three equivalent ways:
Geometrically these conditions guarantee the existence of a foliation by spatial hypersurfaces. Another interpretation is that this condition restricts the torsion of any connection compatible with the Newton-Cartan structure and for this reason (10) also goes under the name of twistless torsion [25] . We make this assumption on the Newton-Cartan structure from the beginning, anticipating compatibility with the expanded Einstein equations [3] . Note that from (10) it follows that
where furthermore ∂ [μ aν ] = 0 (12) so that locally aμ = ∂μψ
The derivation of (10) and the other formulae above is shortly reviewed in appendix A.
Newton-Cartan split: GR
We take as our dynamical variables for GR a Lorentzian metric g µν and the tracereversed energy-momentum tensor T µν :
The dynamics is then provided by the Einstein equations, which we write as
The Bianchi identity satisfied by the Ricci tensor R µν guarantees the conservation of energy-momentum, which is equivalent to
We then apply a Newton-Cartan split to each of these ingredients:
We will use a separate notation for the split of the metric and its inverse:
Dynamical variables
A , Aμ , Aμν and T , Tμ , Tμν .
Equations E = 0 , Eμ = 0 , Eμν = 0 and C = 0 , Cμ = 0 Table 1 : GR formulated through a Newton-Cartan split. This A vs B notation is introduced to indicate that we will treat the A variables as independent fields, while the B fields are interpreted as fully determined in terms of the A's through the condition that g µρ g ρν = δ µ ν :
with Aμν is the unique 2 solution to
The upshot of this Newton-Cartan split of GR can be found in table 1.
The large c expansion
A manifestly diffeomorphism invariant approximation to GR can be constructed by expanding the relativistic metric and its inverse in inverse powers of the speed of light [1] [2] [3] [4] :
Although it is consistent to assume all coefficients of odd powers to vanish -as was done in [1-4] -we will explore in this work the consequences of relaxing this assumption. The presence of non-vanishing coefficients for odd powers of c is motivated by the fact that these coefficients can be sourced in the equations of motion by certain types of energy-momentum [4, 65] . 2 Contrary to (2) , which has no unique solution for τ µ and h µν given τ µ and h µν , the equation (22) has a unique solution for Aμν given τ µ , τ µ and Aμν.
We will first discuss some generalities and then focus on the leading order, working out explicitly the dynamical equations to this order. Symmetries will play an important role in an appropriate organization of the result.
Setup and general observations
We will take a slightly different -but equivalent -approach than the one that was previously taken in [1] [2] [3] [4] . We will perform the expansion not directly in terms of the relativistic metric as in (23), but rather expand the components as obtained after a Newton-Cartan split as in (20) , see also table 1. It should be stressed that the Newton-Cartan structure τ µ , h µν is taken to be independent of c.
Our expansion ansatz for the dynamical fields is then
This ansatz is based on a number of starting assumptions, equivalent to those of [1] [2] [3] [4] with the exception that odd powers are allowed to be non-vanishing. In those previous works [1] [2] [3] [4] the choice (−2) A = −1 was made, but as we will explain below that is simply a choice of gauge for a local scaling symmetry in our formulation. Leaving (−2) A free has some advantages. In particular it makes manifest the fact that at each order in the expansion there appear two new triplets of fields,
Tμν), all of which are a priori free to vary. In table 2 we compare the potentials as we define them here, to the potentials as previously considered in [1] [2] [3] [4] . In the formulation using the Newton-Cartan split it also becomes clear that the proper organization of the orders is not just by counting inverse powers of c, but rather that at a given order the powers of c depend on the number of spatial indices the field carries. The triplet (
. This is something which was not properly appreciated in [1] [2] [3] , but suggested by the results of [4, 5] . That this is indeed the more appropriate point of view is supported by the fact that the equations of motion -which we will further work out below -organize themselves in the following form 3 :
A ,
Aμ ,
Aμν;
One sees that if the expansion is truncated at order n, i.e. keeping only triplets of the form (
(k)
Tμ ,
Tμν) with k ≤ n, then the above set of equations for k ≤ n is consistent. Furthermore the set of equations has a hierarchic structure, in that one can solve them recursively in the order. The leading order corresponds to n = −2 and will be worked out fully below.
Finally we should point out that since τ µ (0) Aμν = 0 we can choose to identify the spatial part of the Newton-Cartan structure introduced in section (2.1) with it:
Translated back to the more familiar relativistic metric variables this amounts to
So once we start considering the large c expansion, we identify the Newton-Cartan structure that was artificially introduced in section 2.1 with the leading coefficients of the relativistic metric and its inverse.
Symmetries
The relativistic theory we start from, GR, has as its symmetries simply the diffeomorphisms 4 . These diffeomorphisms are however allowed to depend on the speed of light c, which implies that they will generate a new independent set of symmetries at each order of the expansion [2, 3] . In addition to the diffeomorphisms -and their descendants -there are two additional symmetries that appear into [4] for the fields. For the two highest orders we used the nomenclature of [2] . Non-trivial values for the fields in violet have only been considered more recently [3, 4] . If the potentials in violet are assumed to vanish then the potentials in red can be identified with those appearing at first Post-Newtonian (PN) order in the standard PN expansion [2] . In this paper we will focus on the LO only but will allow non-trivial values for the full triplet, see table 5 .
the expansion simply because the Newton-Cartan structure and decomposition we introduced in section 2 have some redundancy: a nonrelativistic local boost symmetry and a local scaling symmetry. We now discuss the various symmetries in turn, in the next subsection they will be used to organize the LO equations.
Milne Boosts
Given a Newton-Cartan structure (τ µ , h µν ) the 'inverse' fields τ µ and h µν -defined to satisfy (2) -are not unique. An equivalent set of solutions to (2) is generated through the infinitesimal transformations
Note that this implies 5 via (11, 13) that
Since the relativistic metric g µν is independent of our choice of τ µ and h µν used to split it, it follows that the components as defined in (20) must transform as
Since we choose τ µ , τ µ , h µν and h µν to be c independent it follows that the parameter χμ will be c independent and thus the action of the boost symmetry on the expanded fields is immediate:
Still, these are rather complicated transformations due to the rather lengthy expressions for the B's in terms of the A's once the order increases, see appendix B. On the leading triplet the action is very simple however:
The boost transformations of the leading order energy-momentum triplet are found to be
Scaling A re-scaling of the clock form can be absorbed in the definitions of the A fields, while leaving g µν invariant. Infinitesimally these scaling transformations that leave (20) and (2) invariant are
Let us point out that this implies that
Because of (13) this reveals that the twistless torsion degree of freedom in τ µ is pure gauge, something which we'll discuss further below. Due to the c independence of λ it follows that the scaling acts straightforwardly on the expansion coefficients:
Similarly
Diffeomorphisms
One of the key features of GR is its invariance under diffeomorphisms. A priori they can depend arbitrarily on the speed of light c. Compatibility with the expansion ansatz (23) requires however that the generating vector field satisfies [2, 3] 
The zeroth order coefficients (0) ξ µ generate the diffeomorphisms of the nonrelativistic theory obtained by the expansion, while the higher order coefficients generate additional gauge transformations. The action on the coefficients of an arbitrary relativistic tensor U ν 1 ...νm
We define the Newton-Cartan structure τ µ , h µν and τ µ , h µν to transform as tensors under (0) ξ µ but to be invariant under all subleading diffeomorphisms (k) ξ µ , k > 0. We stress that although such definition is consistent, it implies that the components A, Aμ and Aμν do not transform as tensors under c dependent diffeomorphisms. Rather their transformations are defined as the respective components of the transformed relativistic metric:
This is equivalent to
which in turn can be rewritten via (20) as
Aρσ Note that because Aν,
Aμν)
for which l ≥ k − 2. In particular, at leading order only (1) ξ acts non-trivially, in the simple fashion
A (∂μ (1) ξ + aμ
Note that the transformation of (−1)
Aμ resembles a U(1) transformation, and indeed we will recast it as such below. Furthermore, the spatial part (1) ξμ acts trivially at this order. Let us point out that this simple structure repeats itself at all orders, when one considers only the action of the highest order diffeomorphisms on the highest order triplet:
A similar analysis reveals the transformations of the leading order energymomentum triplet to be
T (∂μ (1) ξ +aμ
ξ (45)
Leading Order
At leading order in the large c expansion we have the dynamical fields (
Aμν)
and (   (−2) T ,
Tμν). The leading order in the expansion of the equations in table 1 provides a consistent set of equations for these fields that we will now compute.
Although similar in spirit to [1] [2] [3] [4] , this is the first such calculation keeping (−1) Aμ arbitrary.
Field redefinitions
A brute force calculation -using (73), see footnote 3 -reveals that the leading coefficients of the Einstein and conservation equations are T ,
Tμν) they can be much more efficiently formulated in terms of an equivalent set of equations expressed in terms of redefined variables that are more adapted to the symmetries. Schematically we replace
and
The detailed redefinitions behind the above schematic are collected in table 3. We start our motivation for these redefinitions by considering the scaling symmetry. Since all variables and equations scale homogeneously with a respective weight we can make them scale invariant by multiplication with an appropriate power (−2) A , which scales with weight −2. In particular one can check that the following objects are scale invariant: (−
Cμ. Since after such a reformulation all equations and all variables -except one -are scale invariant, it follows that (−2) A , which scales non-trivially has to disappear. There is one subtlety to this observation, in that derivatives of (−2)
A will transform non-homogeneously, with the transformation including an extra ∂ µ λ. But remembering that the one-form aμ transforms in the same way -see (36) -we can define an invariant one-form:
Additionally, due to (13), we can furthermore write
The upshot of this observation is that the torsion one-form aμ and the field (−2)
A can only appear in the scale invariant equations through the scale invariant field Ψ, or its derivatives. 
Aμ, transforms under subleading diffeomorphisms (43) as
The definition (52) then suggests to define
so that this appropriately rescaled version of (−1) Aμ transforms as a U(1) gauge field under subleading diffeomorphisms:
If one can make the other variables and equations manifestly invariant under these subleading diffeomorphisms then it will follow that Cμ can only appear through its gauge invariant curvature. Let us illustrate how one can indeed make the other variables invariant under (1) ξ µ transformations, by considering the transformation (45) of (1) Tμ and using the transformation (43) of (−1)
Aμ one can make the invariant combination:
Similar invariant combinations can be made for (0) Tμν and the equations, see table  3 .
Finally we should point out that in addition to scale and subleading diffeomorphism invariant combinations, the field redefinitions in table 3 contain also particular conformal rescalings by powers of e Ψ . Except for the definition of Cμ, where this is related to making the U(1) gauge invariance manifest, these powers in the definitions of the other fields are chosen to simplify the equations. In particular the choice to redefine the spatial metric with such a factor is related to putting the equations in a form that can naturally be obtained from a variational principle.
LO equations
Finally we are ready to present the leading order Einstein and conservation equations. After the redefinitions (48, 50) -see table 3 for details -one finds that each of E = 0 , Eμ = 0 , Eμν = 0 and C = 0 , Cμ = 0 is equivalent to the corresponding equation in the list of equations in table 4. Note that in those equations all upper indices are indices raised with k µν and the connection ∇ ∇ µ is one preserving the Newton-Cartan structure (τ µ , k µν ). There are various such connections, see e.g. [68, 69] for a discussion of the possibilities, but in table 4 we used the
Note that this connection has the torsion L
In the equations of 4 also the "Einstein tensor" of this connection appears,
as well as the field strength of the gauge potential Cμ 7
An important consistency check on the equations in table 4 is that last two equations -the conservation equations -follow from the first three equationsthe 'Einstein' equations -through the Bianchi identity 8 ∇ ∇μ Gμν = 0.
Discussion
We conclude the paper with a number of remarks and observations about the equations in table 4.
Invariance
Due to the introduction of scale invariant variables -see table 3 -invariance under the scale symmetry has become trivial. The tensorial nature of the equations guarantees invariance under c independent diffeomorphisms (0) ξ . Furthermore, in these new variables the subleading diffeomorphisms only act on Cμ and precisely as a U(1) transformation. The equations are invariant since Cμ only appears through its gauge invariant curvature Fμν. So of the symmetries listed above only Milne boost invariance remains to be considered. 6 Note that actually any connection of the formL ρ µν = L ρ µν + Sρτ µ τ ν + τ µ Sρν + Sρ µ τ ν would leave the equations in table 4 invariant. In that sense (57) is the minimal choice. It is related to the boost invariant connections of [3, 4] by an appropriate choice S's in terms of the higher order fields and a conformal transformation h µν = e −Ψ k µν . 7 Note that C µ = Cτ µ + Cμ. Because some of the variables do transform non-trivially under boosts it might appear as if boost invariance is not manifest. However, only objects with lower indices have a non-zero transformation under the Milne boosts and this will furthermore be proportional to τ µ . It follows that all objects that either have all indices raised or contracted with some other raised indices will automatically be boost invariant. As this is exactly the case for the equations in table 4, these are actually manifestly boost invariant. Let us illustrate this argument with the example of ∂μΨ. By (33, 30) it follows that Ψ is boost invariant so that δ χ (∂μΨ) = τ µ χρ∂ρΨ. But then observe that
LO Equations
Similarly δ χ (∂μΨ∂μΨ) = δ χ (∇ ∇μ ∂μΨ) = 0. Note that invariance under Milne boosts as above is possible due to absence of time-like derivatives. At higher order such derivatives will be present. In that case boost invariant variables can be introduced [3, 4] , but the construction of these variables requires fields that are not present at leading order.
Gauge choices
As we mentioned in section 3.1, our approach differs from some of the earlier literature [1] [2] [3] [4] in that we leave the potential (−2) A free, rather than choosing it to be −1. This does not amount to the introduction of a new degree of freedom, since upon freeing (−2) A there appears a local scaling symmetry that in turn removes one scalar degree of freedom. The gauge invariant scalar degree of freedom Ψ -defined in (52) -is a combination of (−2) A and the torsion potential ψ defined in (13) .
Dautcourt gauge
By a scale transformation (37) one can always make (−2) A = −1, fixing the scaling symmetry. In this choice of gauge our setup reduces to that originally introduced by Dautcourt [1] and followed in [2] [3] [4] . In this case the variable Ψ can be identified with the torsion potential ψ, or in other words:
Dautcourt gauge:
In this gauge the physical degree of freedom Ψ -describing a nonrelativistic but strong gravitational time dilation -finds itself thus in the (twistless) torsion of the Newton-Cartan structure, as was first emphasized in [3] .
Torsion free gauge
Alternatively, via (36) , one can also use a scale transformation to put ψ = 0, again fixing this gauge symmetry. In this gauge the vector aμ vanishes and hence the Newton-Cartan structure is torsionless:
Torsion free gauge:
This gauge has the advantage that the nonrelativistic geometry used to express the large c expansion is simpler and that the potentials (k) A are treated equally at all orders. The field redefinitions for the leading order triplet, see table 3, reduce in this gauge to those in table 5.
Galilean gauge
The main motivation behind the Newton-Cartan formalism is to express nonrelativistic gravity in manifestly 4-diffeomorphism invariant form. Still, it turns out Table 5 : The leading order gravitational potentials in torsion free gauge. that the dynamics restrict τ µ to be twistless [3] which means that there is an inherent direction of time in the theory that all observers can agree upon. Furthermore it is clear from table 4, the equations obtained from the large c expansion take their simplest form in terms of a time vs space split. This all suggests that it might be quite natural to gauge-fix some of the diffeomorphism invariance by working with an adapted time coordinate. As reviewed in appendix A, the twistless torsion condition guarantees that there exists a function t(x µ ) such that locally τ µ = e −ψ ∂ µ t. One can thus choose coordinates x µ = (t, x i ) such that τ µ = e −ψ δ 0 µ . Together with a choice of τ µ = e ψ δ µ 0 these conditions are left invariant by a particular combination of Milne boosts (29) and time-dependent spatial diffeomorphisms [7, 70] . This gauge condition can be summarized as Galilean gauge: equations in table 4 remain essentially form invariant under this gauge fixing: one simply replacesμ → i and finds that the covariant derivatives and Einstein tensor become those with respect to the Levi-Civita connection of the 3-metric k ij . Note that in this gauge the relativistic metric becomes 9
If one additionally observes that there are no time derivatives in the LO equations in table (4) , one recognizes these equations as those for an arbitrary stationary relativistic 4-metric. The key crucial difference is that in the large c expansion we performed we did not assume time independence of the fields. But we can conclude that any stationary metric will solve the LO equations exactly. Conversely it follows that at leading order in the large c expansion any solution to the relativistic Einstein equations takes the form of a solution to the stationary Einstein equations but with time-dependent integration constants. We can conclude that the large c expansion is an expansion around the stationary sector of GR. If one makes the coefficients of odd powers vanish -i.e. take C i = 0 above -the leading order reduces to the static sector, as was already observed in [7] .
Finally we point out that the (vacuum) LO equations, just like those for stationary metrics, can be obtained from a Lagrangian, which follows from a time-like Kaluza-Klein reduction of the Einstein-Hilbert Lagrangian:
Example
Here we illustrate the expansion procedure and how stationary relativistic metrics provide exact solutions to the LO equations. Starting with the relativistic Kerr metric as in [71] one finds for the potentials defined through the Newton-Cartan 10 split (20)
Depending on how one assumes the mass m and angular momentum J to scale with the speed of light c one gets different expansions.
Weakly massive, weakly rotating Kerr metric
First let us consider the standard Newtonian regime where Gm r ≪ c 2 and J mr ≪ c, expanding (66) and expressing the fields in terms of the variables of table 3 gives
In this case at leading order the fields simply provide a nonrelativistic description of Minkowski space, the starting point of a weak gravity approximation to GR.
The first correction comes in the form of the Newtonian potential (0) A = 2Φ = 2GM r , and then follow further subleading post-Newtonian corrections.
Strongly massive, weakly rotating Kerr metric
Another regime is where Gm r ≈ c 2 but J mr ≪ c. We can formally implement this regime by defining m = Mc 2 and keeping M rather than m fixed as c → ∞. In this way of expanding the Kerr metric the leading order fields become
In this regime we see that the LO fields contain a spatial metric that is not flat and that translates to a relativistic metric which is not approximately Minkowski. This is an example where the large c expansion extends beyond the regime of weak gravity captured by the post-Minkowski/Newtonian expansion. Note that up to the leading order written here, the Kerr solution coincides with that of Schwarzschild [3, 4] . Again there is an infinite series of further subleading corrections. Interestingly the Newtonian potential (0)
A vanishes.
Strongly massive, strongly rotating Kerr metric
The previous expansions of the Kerr solution are free of odd powers of c and as such fall inside the treatment of [3, 4] . If we however consider a regime where Gm r ≈ c 2 and Jm r ≈ c we will see the odd powers appear already at leading order. To set up an expansion around this regime we keep M = m/c 2 and a = J/mc fixed as c → ∞. In this case one finds at leading order
We see here an explicit example of the situation discussed in this paper, namely one where the whole leading order triplet of fields is non-trivial. Finally let us point out that an analogous weakly massive, strongly rotating regime would be unphysical as it violates the extremality bound.
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A Some technicalities behind twistless torsion.
A first technical result is that for any two-form φ µν one has the following equivalences
The equivalence of the very left and very right follow directly from a decomposition as in section 2.1:
Note that the middle equality in (70) is a direct consequence of the equality on the far right. Furthermore observe that via the decomposition above
This then establishes (70) , which by taking φ µν = ∂ [μ τν ] becomes (10) . Given that
one can then additionally observe that
Combining this with (70) for φ µν = ∂ [µ a ν] then leads to (12) , which for convenience we reproduce here:
It follows from a simple calculation that this is satisfied if a µ = ∂μψ:
We need a more geometric argument to show that (75) actually always implies that (locally) a µ = ∂μψ. First note that the condition (73) is actually equivalent to the definition of a foliation by hypersurfaces. Consider two purely spatial vectors, i.e. v µ = vμ and w µ = wμ, then their commutator will also be purely spatial:
By Frobenius theorem there thus exists a corresponding foliation and, because the kernel of h µ ν is one dimensional, the leaves are hypersurfaces. We can now argue for a µ = ∂μψ in two separate but equivalent ways. One could consider the hypersurfaces to be defined as those surfaces for which the function t(x) is constant. It then follows that because τ µ v µ = 0 for any vector v µ = vμ tangent to the hypersurface that
It then follows that
An alternative route to the same conclusion is to introduce coordinates y a along a given hypersurface, it follows that
because the ∂ a form a basis for the hypersurface's tangent space. Furthermore, because a coordinate basis commutes it follows that
Then observe that
Via the Poincare lemma on the hypersurface we conclude that
Finally we use the fact that (80) is invertible, i.e. since also the ∂μ form a basis of the tangent space of the hypersurface we can conclude that there exists a matrix eμ a such that eμ a e ȧ ν = h µ ν . Multiplying both sides of (83) with this matrix we again find aμ = ∂μψ.
B From A to B
The relativistic metric g µν and its inverse g µν are determined in terms of (A, Aμ, Aμν) through the fields (B, Bμ, Bμν) as in (20, 21) . If one wants to carry out the large c expansion in practice then one will need the expression of the coefficients of the B's in terms of the coefficients of the A's. Expanding the equations (21) results in the following recurrence relations:
Aσρ h ρν
To illustrate the use of these recursion relations we work out the first orders of the B fields:
• LO (k = −2): Aν (93) (2) g µν = (
Aρμ)
C A comment on local translations
The content of this appendix is somewhat independent of the main text, it served however as an important motivation for the choice of formalism used there. We point out that the link between diffeomorphims and local translations in the nonrelativistic case is more degenerate than in the relativistic case. Where in the relativistic case this degeneracy can be lifted by expressing the Einstein equations in terms of curvatures only, this seems not to be the case in the nonrelativistic setting. Consider a Lie-algebra valued one form A, and a gauge parameter Λ, which is a zero-form valued in the same algebra. Then we can define the adjoint transformation and curvature as
The Lie derivative of the gauge field is defined as
It follows that L ξ A = δ ad A + i ξ F for Λ = i ξ A (96)
Since the Lie derivative generates an infinitesimal diffeomorphism the above equality can be used to translate an adjoint transformation into a diffeomorphism at the cost of an extra curvature contribution. This procedure is very natural if the curvature vanishes by a combination of constraints and dynamic equations, as for example in a frame formulation to general relativity, but less so when this is not the case, as for example in the nonrelativistic approximation to general relativity. Nonetheless this approach remains valid and in [4, 5] an algebra was introduced whose translational part reproduces the diffeomorphism symmetries on the gauge field A = τ H + mN + e a P a + π a T a + ω a G a + Ω a B a + 1 2 ω ab J ab + 1 2 Ω ab S ab .
This algebra is however not the unique one with this feature since in (96) a modification of the adjoint action can be canceled by a modification of the curvature contribution, leading to identical transformations under diffeomorphisms. Demanding that the algebra is consistent and that the boost and rotational part remains unchanged one can classify all possibilities: This is a family of algebra's parameterized by the real numbers α, β and γ, that reproduces the algebra of [4, 5] when α = β = γ = 0. Just as that algebra can be obtained by an expansion procedure from the Poincare algebra [4, 72] , the algebras with non-trivial α but β = γ = 0 can be obtained by expansion from the (A)dS algebra. For other values of the parameters there doesn't seem to exist any relativistic algebra that they descent from, making them similar to some of the exotic nonrelativistic algebras found in [61] .
